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Wolfgang Wagner, and Richard A. M. de Jeu

Abstract—A time-efficient solution to estimate the error of
satellite surface soil moisture from the land parameter retrieval
model is presented. The errors are estimated using an analytical
solution for soil moisture retrievals from this radiative-transferbased model that derives soil moisture from low-frequency passive microwave observations. The error estimate is based on a
basic error propagation equation which uses the partial derivatives of the radiative transfer equation and estimated errors for
each individual input parameter. Results similar to those of the
Monte Carlo approach show that the developed time-efficient
methodology could substitute computationally intensive methods.
This procedure is therefore a welcome solution for near-real-time
data assimilation studies where both the soil moisture product
and error estimate are needed. The developed method is applied
to the C-, X-, and Ku-bands of the Aqua/Advanced Microwave
Scanning Radiometer for Earth Observing System sensor to study
differences in errors between frequencies.
Index Terms—Analytical solution, error analysis, passive
microwave, radiative transfer, soil moisture.

I. I NTRODUCTION

W

ITH the recent changes in data distribution, it is currently possible to produce satellite soil moisture from
the Advanced Microwave Scanning Radiometer for Earth Observing System (AMSR-E) microwave sensor with latency of
approximately 2 h from the satellite observation [22]. Numerous data assimilation studies (e.g., [1] and [6]) demonstrated
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the need of additional satellite soil moisture error estimates to
improve weather and flood forecasts. Ideally, we would like to
produce soil moisture and its associated error estimate simultaneously. Unfortunately, statistical error propagation methods,
like the Monte Carlo simulation, are computationally intensive,
thus minimizing the possibility to produce soil moisture error
estimates in a near-real-time mode. This letter presents an analytical solution that aims to derive soil moisture error estimates
from satellite observations with a minimum computing time;
this creates the opportunity to simultaneously calculate both the
soil moisture and the associated error.
Different soil moisture data sets derived from passive microwave observations are available (e.g., [9], [16], and [18]), but
until now, none of them produces the associated soil moisture
errors next to the soil moisture values in an automated fashion.
However, in the active field, this is already a common practice
[15]. Recently, Liu et al. [11] have shown that the combination
of passive- and active-microwave-based soil moisture data sets
has the potential to provide higher quality soil moisture product
compared to single-sensor data sets. Estimation of associated
errors for the soil moisture product derived from passive microwave observations could lead to a more solid combination
strategy, particularly on a shorter timescale (near real time).
One of the more promising passive microwave soil moisture products is based on the land parameter retrieval model
(LPRM) [18]. This model uses a simple radiative transfer
equation to obtain soil moisture from microwave observations
and has an accuracy of about 0.06 m3 · m−3 for sparsely to
moderately vegetated regions [2]. Due to the simple nature
of this model, we assigned this model to derive an analytical
solution to estimate the soil moisture errors. The LPRM has
been applied to C-, X-, and Ku-band satellite observations
and uses an optimization technique to extract soil moisture
and vegetation optical depth from horizontally and vertically
polarized microwave brightness temperatures by partitioning
the observed signal into its respective soil and vegetation emission components [3], [12], [18]; surface soil temperature is
estimated offline with a separate retrieval algorithm [7]. Several
studies have shown the agreement between in situ soil moisture
observations and LPRM-based soil moisture retrievals (e.g., [2]
and [23]). Dorigo et al. [5] explored the relative uncertainty
of globally available LPRM soil moisture products using the
triple collocation error estimation technique. Miralles et al. [13]
investigated the uncertainties resulting from the scale mismatch
between pointlike observations and satellite footprint scale.
All methods give us information on the quality of the soil
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moisture products, but in situ analysis only gives us information
for the studied regions, while the triple collocation method
does not give us error estimates of the individual observations.
Statistical approaches (e.g., Monte Carlo) can be used [15] to
estimate the error of LPRM-based soil moisture retrievals but
are computationally intensive because many iterative model
runs are needed to derive statistically reliable error estimates.
Because of the high computational cost of the Monte Carlo
approach, it is impractical to apply such a technique in an
operational fashion.
To overcome these issues, an analytical solution to estimate
the error of LPRM surface soil moisture was derived. The
analytical error estimation is based on a basic error propagation
equation which uses the partial derivatives of the radiative
transfer equation and estimated errors for each individual input
parameter to calculate the standard deviation in the dielectric
(k) constant. This standard deviation can be used to determine
the error in the soil moisture retrieval using a dielectric mixing
model [24] under the assumption that the dielectric mixing
model itself is correct. The analytical error estimate provides
the random error of the soil moisture product, at the right time
and spatial scale, which can be explained from the retrieval
method (the radiative transfer equation).
II. M ATERIALS AND M ODELS
A. Passive Microwave Observations
The AMSR-E is a sensor on board the National Aeronautics
and Space Administration’s Aqua satellite which was launched
on May 4, 2002. The satellite orbits the Earth at an altitude of
705 km and scans with an incidence angle of 55◦ . Observations
are made in vertical (V) and horizontal (H) polarizations at
six frequencies, of which four are relevant for soil moisture
retrievals. The spatial resolutions of the C-, X-, Ku-, and
Ka-band observations are 73 × 43 km, 51 × 30 km,
27 × 16 km, and 14 × 8 km, respectively. For more detailed
information on the Aqua/AMSR-E sensor, readers are directed
to [17]. The Aqua/AMSR-E makes both daytime and nighttime
observations; only nighttime observations are used in this letter
as it was shown that soil moisture retrievals based on these
are more reliable than those based on daytime observations
[2]. Moreover, this letter only considers brightness temperature
observations for the year 2008, which we resampled to a 0.25◦
global grid.
B. LPRM
The retrieval methodology uses a radiative transfer equation
in two polarizations to solve for soil moisture and vegetation optical depth simultaneously using a nonlinear iterative
optimization procedure. Mo et al. [14] provides the radiative
transfer
Tb(P ) = TS er(P ) Γ + (1 − ω)TC (1 − Γ)


+ 1 − er(P ) (1 − ω)TC (1 − Γ)Γ

(1)

where Tb refers to the observed brightness temperatures,
P refers to either H or V polarization, TS and TC are the
thermometric temperatures of the soil and the canopy, respectively, er refers to the rough surface emissivity, ω is the single

TABLE I
I NPUT PARAMETERS AND A SSOCIATED E RROR

scattering albedo, and the transmissivity (Γ) is defined in terms
of the optical depth (τ ) according to (2), where u refers to the
incidence angle


−τ
Γ = exp
cos(u)


.

(2)

The land surface temperature (TLS ) is assumed to be the area
mean of TS and TC , is derived from the Ka-band vertically
polarized brightness temperature [7], and is calculated external
to the retrieval algorithm. A more detailed description of the
soil moisture retrieval model may be found in [18]. Some wellknown limitations in the retrieval model require a masking
routine to be implemented. This masking routine eliminates
data where values are meaningless, such as areas with snow
cover or frozen surface conditions [7] or areas with radiofrequency interference [10].

C. Errors of Input Parameters
Some input parameters, like brightness temperature observations, have well-defined values for their accuracy, while for
others, it is only possible to provide an estimate. The sensor
sensitivity for the AMSR-E sensor is a well-known value; for
C-band brightness temperature observations, it is 0.3 K, and
for the other bands relevant for soil moisture retrieval (X- and
Ku-bands), it is 0.6 K [17]. Moreover, the land surface temperature algorithm has been extensively validated (e.g., [7] and [21])
with an error value varying between 2.5 K for nonvegetated
to lowly vegetated areas and 1.8 K for highly vegetated areas
for AMSR-E nighttime observations; these values include the
AMSR-E Ka-band sensor sensitivity of 0.6 K.
Other input parameters do not have well-defined values for
their accuracy because it is often difficult to derive a reliable
estimate. Limitations on measuring techniques, high spatial
and temporal variability, and problems due to upscaling of
parameters may all contribute to this error. The LPRM uses
single global values for the single scattering albedo (ω) and
the roughness parameters (h and Q). In a recent study, de
Jeu et al. [4] demonstrated that a complex parameterization
is not necessary to improve soil moisture retrieval capabilities;
therefore, we choose to solely use fixed values for ω, h, and Q.
The associated error for the parameters where it is only possible
to provide an estimate was chosen to be 10% of its input value;
this noise value is rather arbitrary but a commonly used value
for error analysis [15]. Table I shows the input parameters and
their associated error estimates that were used to compare the
analytical error propagation and the Monte Carlo simulation.
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III. A NALYTICAL D ERIVATION
In this section, the radiative transfer (1) is rewritten, and an
analytical solution for the standard deviation in the dielectric
constant (k) is derived. The basis of the analytical solution to
calculate the error in soil moisture lies in the use of a basic error
propagation
Sobs = JSmod J T

(3)

where Sobs and Smod are the covariance matrices for the observation and model parameters, respectively, J is the Jacobian
matrix (4), and T denotes the transpose. J is used for the
transformation from the model parameters (Γ, k, TLS , ω, h) to
the observations and estimations (TbH , TbV , TLS,obs , ωest , hest )
⎛ ∂TbH ∂TbH ∂TbH ∂TbH ∂TbH ⎞
∂Γ
∂TbV
∂Γ

⎜
⎜
J =⎜
⎜ 0
⎝ 0
0

∂k
∂TbV
∂k

0
0
0

∂TLS
∂TbV
∂TLS

1
0
0

∂ω
∂TbV
∂ω

0
1
0

∂h
∂TbV
∂h

⎟
⎟
0 ⎟
⎟.
0 ⎠
1

(4)

The methodology is adapted to determine the variance σk2
of the dielectric constant (k). It was chosen to determine the
variance of the dielectric constant (k) because it is the principal
observation. Another reason to determine the variance of the dielectric constant (k) is the existence of several different models
linking the dielectric constant (k) to soil moisture. Based on the
findings by Owe and van de Griend [20], we use the dielectric
mixing model of Wang and Schmugge [24] to link the variance
of the dielectric constant (k) to the error estimate in soil
moisture. The challenge in using the basic error propagation
methodology (3) is to define the partial derivatives. To define
the partial derivatives, we used the Jacobian matrix (4), which
is a matrix containing the first-order partial derivatives of the
radiative transfer equation with respect to each variable.
The radiative transfer (1) was rewritten and reorganized to
(5); for convenience, we drop subscript “P “ for polarization
Tb = TLS er (Γ − (1 − ω)(1 − Γ)Γ) + (1 − ω)(1 − Γ2 ) .
(5)
For convenience, the expressions F (Γ, ω) (6) and G(Γ, ω)
(7) are defined to rewrite (5), resulting in (8)
F (Γ, ω) = Γ − (1 − ω)(1 − Γ)Γ
G(Γ, ω) = (1 − ω)(1 − Γ2 )
Tb = TLS [F (Γ, ω)er (k, h) + G(Γ, ω)] .

(6)
(7)
(8)

The rough surface emissivity er(P ) follows from (9), where
the polarization is reintroduced. This equation was written to
calculate the rough surface emissivity in H polarization. To
calculate the rough surface emissivity in V polarization, the (H)
and (V) signs should swap. Q is the roughness parameter known
as the cross polarization, and h is the roughness
 

er(H) (k, h) = 1 − Q 1 − es(V ) (k)


+(1 − Q) 1 − es(H) (k) χ(h)
(9)
where the last term refers to
χ(h) = exp (−h · cos(u)) .

(10)
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The smooth surface emissivity was calculated using (11) and
(12); for convenience, we drop subscript “s” from the smooth
emissivity

2
cos(u) − Δ
(11)
eH = 1 −
cos(u) + Δ

2
k · cos(u) − Δ
eV = 1 −
(12)
k · cos(u) + Δ
where the Δ term refers to
Δ=


k − sin2 u.

(13)

The following derivatives will be needed:
∂F
= 1 − (1 − ω)(1 − 2Γ)
(14)
∂Γ
∂G
= − 2(1 − ω)Γ
(15)
∂Γ
∂eH
2 cos(u) cos(u) − Δ
=
(16)
3
∂k
Δ
(cos(u)
+
Δ)


k
k · cos(u) − Δ
∂eV
= 2 cos(u)
− 2Δ
. (17)
∂k
Δ
(k · cos(u) + Δ)3
From these equations, it follows that the Jacobian matrix (4)
can be calculated analytically. The numbers subscripted in J
represent locations in the Jacobian matrix (Jrow,column )


∂F
∂G
er,H +
J11 =TLS
(18)
∂Γ
∂Γ


∂F
∂G
er,V +
J21 =TLS
(19)
∂Γ
∂Γ


∂eH
∂eV
+(1−Q)
J12 =TLS F Q
χ
(20)
∂k
∂k


∂eV
∂eH
+(1−Q)
J22 =TLS F Q
χ
(21)
∂k
∂k
J13 =F er,H +G
(22)
(23)
J23 =F er,V +G
J14 =TLS (1−Γ)Γer,H −1+Γ2
(24)
2
(25)
J24 =TLS (1−Γ)Γer,V −1+Γ
J15 =TLS F [Q(1−eV )+(1−Q)(1−eH )] χ cos(u) (26)
J25 =TLS F [Q(1−eH )+(1−Q)(1−eV )] χ cos(u). (27)
It follows that the variations in the observed and estimated
parameters (TbH , TbV , TLS,obs , ωest , hest ) are related to the
variations in the model parameters (Γ, k, TLS , ω, h); this results
in the following expression:
T

Smod = J −1 Sobs (J −1 ) .

(28)

Working out Smod,22 yields (29), where the correlation between the errors in TbH and TbV is expressed in r
2 2
2 2


σk2 = (J −1 )21 σTbH
+ (J −1 )
σTbV
 −1   −1  22
+ 2 (J )21 (J )22 rσTbH σTbV
2 2
2


+ (J −1 )23 σLS(obs)
+ (J −1 )24 σω2
2

+ (J −1 )25 σh2 .
(29)
To compare the analytical solution to the traditional Monte
Carlo simulation and to study the differences in errors between
frequencies, we selected several in situ test locations (n = 107)
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Fig. 2. Error of soil moisture as related to the vegetation optical depth for
three different frequency bands.

Fig. 1. Scatter plot of the average error estimates from the Monte Carlo
simulation against the error estimates of the analytical error propagation.

worldwide (Australia, Spain, France, Mali, and the U.S.) representing a large variety of land covers and vegetation densities.
Identical input data (C-band observations) and error estimates
(Table I) were used in the traditional Monte Carlo simulation
and the analytical error propagation to estimate the error in the
soil moisture product.
IV. R ESULTS
To compare the results obtained from both methods, the
averaged error estimates using the analytical error propagation
(m3 · m−3 ) were plotted against the averaged error estimates
using the Monte Carlo simulation (m3 · m−3 ) (Fig. 1). There
is a high correlation (R = 0.96) between the error estimates
obtained from the Monte Carlo simulation and the analytical
error propagation. The high correlation and the close match to
the one-to-one line show that there is good agreement between
both methods.
For the same locations and time period, the analytical error
was estimated for three different microwave frequencies (C-,
X-, and Ku-bands). Results (Fig. 2) show larger error values
in the retrieved soil moisture product for higher frequencies
at similar vegetation optical depth values. For example, for a
specific agricultural crop (vegetation optical depth = 0.5),
the error estimate for the soil moisture retrieval in the
C-band is around 0.07 m3 · m−3 ; in the X-band, this is
around 0.11 m3 · m−3 , and in the Ku-band, this is around
0.16 m3 · m−3 . All relevant frequency bands show an increasing
error with increasing vegetation optical depth. This is consistent
with theoretical predictions, which indicate that, as the vegetation biomass increases, the observed soil emission decreases,
and therefore, the soil moisture information contained in the microwave signal decreases [2]. In addition, the higher frequency
retrievals (i.e., X- and Ku-bands) are adversely influenced by a
much thinner vegetation cover.
To show the temporal behavior of the analytical error estimate, a time series for three different locations in the Sahel region is presented (Fig. 3). The Sahel region was chosen because

Fig. 3. Time series for three different locations in the Sahel region. Note the
different scale in the upper time series.

there is a strong transition between dry and nonvegetated to
lowly vegetated areas (upper) in the north and wet and densely
vegetated areas (lower) in the south. Also, there is a strong
seasonal variation (middle) in the transition zone between these
two. The figure represents the 30-day central moving average
of the presented parameters. The error estimate is added and
subtracted from the associated soil moisture retrieval and is
represented by the range. It was shown that the analytical error
estimates in the dry and lowly vegetated regions are low and
consistent in time. In the transition zone, a similar behavior is
observed in the beginning of the time series. Strong changes in
vegetation are observed from September onward; comparable
behavior is observed for the error estimate. In the wet and
densely vegetated areas, it is shown that the analytical error
estimates are high and show comparable behavior when the
vegetation density decreases (February–March period).
The presented error propagation method is applied on a
global scale to all descending AMSR-E C-band observations
for the year 2008. Daily global error estimate maps were
averaged into a yearly representation (Fig. 4). Spatial patterns
show strong connection to the global vegetation distribution.
In tropical regions and boreal forests, which are characterized
with dense vegetation, the error estimate is high. Savanna and
tundra show intermediate error estimates, and in desert regions,
the error estimates are low.
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Fig. 4. Global representation of the soil moisture error estimates (m3 · m−3 )
for the AMSR-E C-band observations.

V. D ISCUSSION AND C ONCLUSION
The methodology presented in this letter has shown that it is
possible to provide an analytical solution to derive soil moisture
error estimates from satellite observations. This creates the
opportunity to produce satellite soil moisture and estimate the
associated error of the satellite soil moisture product in near
real time. Applying the analytical error propagation method
shows results that are in line with the theory. This theory states
that, at higher microwave frequencies, the error of a retrieved
soil moisture value at similar optical depth values is generally
higher. Single-frequency observations show increasing error
estimates at higher optical depth values. Similar results for the
Monte Carlo simulation and the analytical error propagation
suggest that the time-efficient analytical solution can replace
the computationally intensive Monte Carlo simulation. The spatial patterns of the analytical error estimate correspond well to
the spatial patterns obtained by the triple collocation technique
[5], while the patterns observed by both methods show a strong
connection to vegetation distribution. More research is needed
to investigate the results of the analytical error propagation
method particularly to validate absolute values of the analytical
error estimation. It is suggested to use triple collocation and
comparisons with in situ soil moisture observations for this
validation.
Most recent [Soil Moisture and Ocean Salinity (SMOS)]
and future satellite missions [Aquarius and Soil Moisture Active and Passive (SMAP)] will make observations in lower
microwave frequencies (1.4 GHz; L-band). Because of the
better signal-to-noise ratio in this frequency, observations are
expected to be more sensitive to soil moisture. Unfortunately,
SMOS and SMAP lack an additional sensor to simultaneously
sense land surface temperature, and the associated error in
the brightness temperature observations is higher than that in
the AMSR-E observations. The methodology presented in this
letter can account for all these factors, and therefore, the basic
principle could be used for L-band satellite observations.
With the current availability of AMSR-E satellite brightness
temperatures with a latency of ∼2 h behind observations and
the described analytical solution, it is possible to produce simultaneously the soil moisture and the associated error estimate
in near real time. It is expected that these near-real-time data
streams will be available for user download via the Goddard
Earth Sciences Data and Information Services Center.
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